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TWO-DIMENSIONALTHEORYAND SIMULATIONOF FREE ELECTRCNLASER$”

Thomas J. T. Kwan and John R. Carp
Applied Theoretical Physics Division

Los Alamos National Laboratory
Los Alamos, New Flexico, USA 87545

ABSTRACT

Two-dimensional homogeneous theory of free-electron lasers with a
wiggler magnetic field of constant wavelength is formulated. It has been
found from the theory that waves propagating obliquely with respect to the
electron beam are always unstable with appreciable growth rates; there-
fore, mode competition among the on-axis and off-axis modes is an
important consideration in the design of the free-electron laser,
Furthermore, electromagnetic waves with group velocities opposite to the
~i:~~~~~~20~:~y~~~n beam propagation are absolutely unstable if k v >

. Due to strong nonlinear saturation levels #f”tne
l~w-frequency absolute instability, the dynamics of the electron beam and
the gcneratio. of the high-frequency electromagnetic radiation can be
srverely affected, Two-dimensional particle simulations show that the
efficiency of Generation 0! thr on-axis high-frequency electromagnetic
wai”e de[reases significantly dur to instability of the off-axis modes, 111
addition, complete disruption of the electron beam and laser oscillation
duc to the onset of th~ absolutv iIlstahjli Lv have been ohs~rved in sinlul~-
tions.
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However, the free-electron laaer can, in general, produce radiation that

propagates at an angle to the ●lectron beam (2) as long as the resonance

condition, UJ= (k COSO+ ko)vo, is satisfied. This imples that radiation

with frequency w = kovo/(l - V. cosO/c) can be amplified and the free-

electron laser can he a very broad band simplifier.

TW-DIMENSIONAL DISPERSION REIATION OF FREE-ELECTRONLASERS

We consider

netic field which

an ●lectron beam moving through a static periodic mag-

is given by

~=6B(&cos kz+?sinkz) .0 ox o Y o (1)

where 6B0 measures the strength of the static magnetic field and k. =

2n/Ao is the wavenumber. We assume that the electron beam is charge and

current neutraliz~d on average by a massive background of ions. We also

assume that the electron is monoenergetic with total ●nergy yomc2 and an

average \*clocity in the z-direction.

The self-consistent equilibrium of the ●lec~ron beam due to this

static periodic ❑agnrtic field can he found by solving th~ equistion o!”

motion and Haxwell ’a ●quations. Th~ self-consistent momentum o! the

electron beam is givml by

;0= (Y:- wc:k:/K4c2-l)%r - mowr=koK-2
(FXCOR koz + ;Ysin koz),.

Whre K2 ❑ k: + Up:/yoC2, and u =p~
●lectron plaama frequency ●nd the

tively. The total magn~tic field,

Since th~ atatir p~riodic magnrtir fi~ld in tli~ laboratory !ramr, iIN

tiven by Eq. (]), is ● traveling @lrl’tromn#n@tir wavr in tlw trnmv 01 LIICI

electron ham, it oo~ya thp dirperajon relation

u= -k;vo ,
r,

(4)



where w~ and k; are the frequency and wavenumber of the static ❑agnetic

field in the beam frame and V. is the axial velocity of the electron beam.

Hence, in the beam frame, the physical process of free ●lectron lasers is

equivalent to that of stimulated scattering of electromagnetic waves in a

plasma. The dispersion relation of the scattering process is well known

and was derived by Drake ●t al.(2) and lfannheimer and Ott.(3) By applying

a Lorentz transformation to the dispersion relation, we obtain the two-

dimensional dispersion relation of free-electron laaera in the laboratory

frame as follows:

UJ2 22

[W- (kz+ ko)vo]2 - f (W2 - k2c2 - %)
,2=’$$

1+-3?.E

Yz z o
YZK2C2

[k:+ Y:02+ko - wvo/c)2] [k: + 2y~(kz - WVo/C2)2]
x ———— — -—— (5)

[k~+ y: (kz -WVo/C2)2]
J

where yz ❑ (1 - v~z /cZ)-$. Note that we ar~ using rectangular geometry in

which all physicul quantities vary with z and x and are indepmdent of y.

Thr dispersion relation in Eq. (5) cl~arly nhows the modr-roupling charar-

ter~stics. On the left-hand side o! Eq. (5) are the electromagnetic and

●lectrostatic dispersion relations, which are coupled by thr expression on

th~ right-hand sid~. The coupling term is proportional to the second

power of the strength of the static prriodic IIIdgKM?t+~ field. Using thr

dispersion relation, onr ran ●nalyze th~ frer-~ler~ron !aa~r instability

if] two rlimenaionco However, ●n analytical exp?rsaion for ttw Rrowth ratr

ia difficult to obtain in thr gen~ral rasr, A numrical analy~ia is,

th~r~fore, moot suitable. Onr ccn rwrite thv dinprrsirn rclatinn ari i~

sixth order polynomial in w, which can b~ rradi]y #olvrd numerically in ti

computer. ]n ?’iR. 1 we prmmnt the contour plot of thr tmnporal growth

rat~s in kx and kz. Th~ contours of th~ growth rat~ arc symrtric with

respect to thr kz axin, The parameters uavd in th~ c~utation ar~

w /wc? pr = 1.58, ko;/w
pP

= n, and y. = 1.6, Not~ that tlw ~cale of the two

axea ar~ diff~rent, and the contours are ceuterd around a rath~r flat and

skinny ●lipor whrrr crosain~s of thr beam modes ●nd thr el~ctromaun~tic
1/2) fS satiufimls●nden occur, If thp condition kovo > WpP(l/y3/2 + I/y

th~ r~sonant ellips~ ●nclos~a the orisin; and rlrctronagn~tir wavpu at all

anglee are unstahlp. Tne frrquency ranse whjrh is proportional to y: ran



be very broad. Furthermore, ●lectromagnetic waves with group velocities

opposite to the beam velocity are absolutely unstable.

The simulation

version of CCUBE

RESULTSFROMCOMPUTERSIMULATION

results presented here were obtained from a modified

(4), which is a two-and-one-half -dimensional fully

electromagnetic, relativistic, particle-in-cell, plasma simulation code.

In the simulation of free-electron laaers, a relativistic electron beam

with a specified ●nergy, yomc2, is injected into the system. Charge and

current neutralization of the electron beam were obtained through the use

of insnobile background ions in the simulations. The ●lectron beam is sub-

jected to the external ma8netic field given in Eq. (l).

In Fig. 2 we show the phase space (pz vs z) of the electron beam at

T= 45 w;: in a simulation. The parameters of the simillations were y. ❑

1.6, koc/w ❑ n, and w /w = 1.58. It is evident from Fig, 2 that a
pe ce pe

low-frequency electrostatic wave, coupled with a backward ●lectromagnetic

wave, had grown to consid~rable ●mplitude to start trapping the electron

beam. This electrostatic wav~ had a well-defined longitudinal wavelength,

which was measured to be ●pproximately 2.47 UJ-l. Figure 2 alsG shows the
pe

existence of short wavelength (high-frequency) waves, which were trying to

grow at the same tim~ as the low-frequency wave.

One component of the clectroma8netic field at a particular axial

pooition is shown ●a a function of x in Fi8. 3 , whiuh clearly shows that

the perpendicular perturbation had two wavelengths (mode two). One should

note thct the numb~r ol’ wavelengths in the perpendicular direction had LO

be an inte~er because periodic boundary condition wer~ used in that

direction in the simulation. As indirated in Fi8. 3, the perpendicular
-1wavelength was ●pproximately 7.0 cw Therefore, th~ angle~ 01 propaga-
pe “

tion of the ●lectrostatic ●nd the elertroma8netic waves wer~ ●bou. 20”

●nd 128°, respectively. The ●bsolut~ly unsgable low-frequmcy wavrs

eventually gr~w to th~ point whcr~ they totally disrupted th~ ●lertron

beam ●nd thus the generation of the hish-frequenry radiation. Th~ timr

history and its Fourier trmbfom of the ●lectrnmagn~tic field at a

fixed position n~ar the ●ntrance of the system is shown in Fi8. 4, wh~rl~

clearly illustrates the onset of the low-frequency aboolute instability.

The frequency of the unstable wave measured from Fig. 4 was w 1,23 w~(, “

The frequenry, longitudinal and perpendicular wavelengths, and anglr of

propagation of the ●bsolutely unstable wave obtained from th~ simulation

agree with the theoretical results well within 10%.



Finally, we show the temporal growth rates as a function of angles of

propagation in Fig. 5. The growth rates were obtained by the numerical

pinch-point analysis (5) of the dispersion relation in Eq. (5). The

physical parameter are the same as in the simulation. The growth rate

increaaea rapidly from 0 = 90° and flattens out after 0 = 120°. Our

numerical evaluation indicatea that ❑ode three or higher in the perpen-

dicular direction corresponds to waves propagating at an angle of 105° or

smaller, and they have substantially smaller growth rates than ❑odes one

and two. Therefore, one would ●xpect that waves corresponding to higher

mode numbers ia the perpendicular direction would be dominated by modes

one and two in the simulation. The fact that mode two was the nnly

dominant mode observed in the simulation was probably ci~e to the uneven

level of the noise spectrum which existed in the simulation.

The dispersion relation in Eq. (5] predicts growth of off-axis

electromagnetic waves in free-electron lasers, One of the effective ways

to study the instability of the off-axis modes in a computer simulation

is to launch a particular off-axis electromagnetic wave and to observe i~s

amplification as it propagates and int~racts with the electron beam. The

boundary conditions of simulation are periodic in x and absorptive in z

for both particles and fields. Due to the periodicity in x, the wave-

numbers of the waves in the perpendicular direction (kx) in the simulation

were quantized; i.e., kx = 2nn/Lx, where n is an arbitrary integer and Lx

is the len8th of the system in the perpendicular direction. The arbitrdry

integer, n, is limlted by the resolution of short wavelength waves in a

particular simulation. In our simulation, modu ●ight (n = 8) in the

perpendicular direction is the shortest wavelength which can still be

accurately resolved.

An off-axis electromagnetic wave was launched in our simulation with

n = 6 (kA = 2nn/L = 2,69 C-lUJpe] and 0 = 40,0°, which is the angle between

th~ directions of the wave and the electron beam propagation. The initi~l

amplitudr of the wave was eE /m CUJ = 0.08, whjch corresponded to ao 0 pe
power density of 4.35 HW/cm2, In Fig, 6, we show the electric component

of th~ ●lrrt.romagnetic wave as a fur.ction of the axial distance at n

fixed perpendicular ponition ut lupet = 22,0, The dots in Fig. 6 are

data obta~ned from the simulation, and th? ~olid curve is obtained by a

least squarPH fit oi the data. The ●xial wavcnmbcr In found to bc

kz ❑ 2,96 C-lW
pe ‘

●nd this wave is a mode six (kx = 2.69 C-lwpe) in th~

perpendicular direction ●s ●xpected. The angle at which the wave propa-

gates with respect to the electron beam IS given by 0 = tan-’(kx/kz) =

42.3°, which a8rees quite well with thu theoretically predlrted value of



40.0@. From the variation of the wave amplitude along the axial position,

we obtained a convective growth rate of Im(kz) = 0.265 C-lLUpe which is

about 10% smaller than the theoretical value given by the dispersion

relation in Eq. (5). The small discrepancy is probably due to colliaional

damping in the simulation and the colt fluid approximation used in obtain-

ing the dispersion relation.

Significant modifications of the results from the previous analysis

and computer simulations are expected to occur when finite boundary

conditions are taken into account. When the ~ides of the resonant cavity

are transparent or absorbing, the production of off axis modes should be

poor since the waves leave the gain region before any significant ampli-

fication. On the other hand, incidental reflecting surfaces can lead to

excitation of parasitic modes. As far as absolute instabilities are

concerned, only the purely backward wave should be important for reaonart

cavity with transparent or absorbing walls. Furthermore, the absolute

instability of the purely backward mode can be suppressed if the length of

the region is less than the critical length (6) defined by

L = mvg1vg211’2/21m(w)
c

(6)

where ‘.I and vgl g2
are the group velocities of the two modes, and Ire(w) is

the infinite medium growth rate.

CONCLUSION

We have investigated the production of off-axis modes and absolute

in~tability in free-electron laaera. We found that parasitic modes and

absolute instabilities can exist in free-electron lAsers and these modes

can potentitilly affect its performance in producing coherent high-

frequency ●lectromagnc~ic radiation. However, we also discovered that one

can minimize the ●ffects by Mposing proper

the fre~-electron laser cavity.
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Fig. 1

Contours of growt,l rates of the free-electron laser in two
dimensions centered around the resonant ellipse.
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Phase space d~agram (PZ vs z) of the el~ictron beam upct =
42.41. The long wavelength incd~’lationwas due’ to the low-
frequency abs(lute instability, and the short wavelength
perturbations were due to the Figh-frequency convective
instability.
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Sirmllation showed that the high-
frequency electromagnetic wave had
two wavelength in the perpendicular
directiov. -
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Fig . 5

Temporal growth rateB aa a function
of angles as obtained by numerical
pinch point analyaie of the two-
dimeneional diaperyion relation.

-1.oo~
Qo 12.4 246 37!2 49.6

% ~

t

w

a 10’
u

m
00 3.0 76 11.4 152

Fig. 4

The time histoiy and the Fourier
transform of rhe electromagnetic
fie14. The onset of the absolute
instability is clearly demonstrated.

I ●

0.0 2,0 4,0 6.0 80 10,0 12.0

z -

Fig. 6

Amplification of an off-axis
electromagnetic wave in a computer

simulation, The solid line la the
least square fit of the data obtajn-
ed from the simulation,


